Abstract. In this paper, we obtain the criteria that the Riemannian manifold B is Einstein or a gradient Ricci soliton from the information of the second derivative of f in the warped product space R × f B with gradient Ricci solitons. Moreover, we construct new examples of nonEinstein gradient Ricci soliton spaces with an Einstein or non-Einstein gradient Ricci soliton leaf using our main theorems. Finally we also get analogous criteria for the Lorentzian version.
Introduction
In [5] , R. S. Hamilton introduced the concept of Ricci solitons, which are special solutions of the Ricci flow of Hamilton. Recently the study of gradient Ricci solitons has become increasing and exhibits rich geometric properties.
A Riemannian metric g on a complete Riemannian manifold M is called a Ricci soliton if there exists a smooth vector field X such that the Ricci tensor satisfies the following equation
for some constant ρ, where L X is the Lie derivative with respect to X ( [2, 3, 4, 7, 10, 11] ). The Ricci soliton is called shrinking if ρ > 0, steady if ρ = 0 and expanding if ρ < 0. If X = ∇h for some function h on M , then M is called a gradient Ricci soliton ( [10] ). In this case the equation (1.1) can be rewritten as (1.2) Ric + Hess h = ρg.
It is well known that when ρ ≤ 0 all compact solitons are necessarily Einstein ( [4] ), and a Ricci soliton on a compact manifold has a constant curvature in dimension 2 ( [5] ) as well as in dimension 3 ([6] ). Moreover a Ricci soliton on a compact manifold is a gradient Ricci soliton ( [7] ), and a compact shrinking soliton is always gradient ( [9] ). On the other hand, in the noncompact case, Perelman ([9] ) has studied and classified the 3-dimensional shrinking gradient Ricci solitons with bounded nonnegative sectional curvature.
Since the concept of Ricci solitons is a natural extension of an Einstein manifold, it is meaningful to construct a non-Einstein gradient Ricci soliton and study Riemannian product spaces or warped product spaces with a gradient Ricci soliton. Indeed, for the study of Ricci soliton and construction of various Ricci solitons, not only the relationship between the base space B and the total space R p × B or R × f B with gradient Ricci solitons, but also criteria whether B is an Einstein or non-Einstein gradient Ricci soliton in R × f B are very useful. Such relationships or criteria will give methods of the construction of model space with non-Einstein gradient Ricci soliton which has an Einstein or non-Einstein gradient Ricci soliton leaf.
In this paper, we review that the Riemannian product space M = R p ×B is a gradient Ricci soliton if and only if B is a gradient Ricci soliton. Furthermore, we obtain that, in the warped product space M = R × f B with a gradient Ricci soliton, B is Einstein (or non-Einstein gradient Ricci soliton) if the second derivative of f is non-vanishing (or vanishing, respectively).
Using our main theorems, we can construct new examples of non-Einstein gradient Ricci soliton spaces with an Einstein or non-Einstein gradient Ricci soliton leaf.
Finally we consider the Lorentzian warped product spaces R × f B with gradient Ricci solitons and obtain criteria for B to be Einstein or a gradient Ricci soliton, and find examples.
Gradient Ricci solitons in Riemannian product spaces
Let (B, g) be an n-dimensional Riemannian manifold with a Riemannian metric g and let M = R × B be the product Riemannian manifold with the Riemannian metricg = 1 0 0 g . Then the curvature tensorsK and K of M and B, respectively, are given byK dcb a = K dcb a and the others are zero, where the range of indices a, b, c, . . . is {2, 3, . . . , n + 1}. Hence the Ricci curvature tensorsS and S of M and B, respectively, are given byS ab = S ab and the others are zero. The scalar curvaturesr and r of M and B, respectively, are related byr = r.
Suppose that B is a gradient Ricci soliton. Then S ab = ρg ab − ∇ a k b for some smooth function k : B → R and a constant ρ on B.
Take h : Conversely, if we suppose that R × B is a gradient Ricci soliton, thenS ij = ρg ij − ∇ i ∇ j k for some smooth function k : R × B → R and for some constant function ρ on R × B. So we get (2.1)
From (2.1), we see that k and ρ are of the forms
Hence B is a gradient Ricci soliton. So, we can state if R × B is a gradient Ricci soliton, then B is a gradient Ricci soliton. Therefore we see that the Riemannian product space R × B is a gradient Ricci soliton if and only if B is a gradient Ricci soliton.
Next consider the Riemannian product space M = R p × B. Then we have
and the others are zero, where the range of indices a, b, c, . . . is {p + 1, p + 2, . . . , p+n}, andK,S,r(K, S, r respectively) are Riemannian curvature tensor, Ricci curvature tensor and scalar curvature of M (B respectively). Suppose that B is a gradient Ricci soliton. Then S ab = ρg ab − ∇ a k b for some smooth function k : B → R and a constant ρ on B.
Take a function h :
Then we obtain (2.5)S ab = ρg ab − ∇ a ∇ b h,S ax = ρg ax − ∇ a ∇ x h,S xy = ρg xy − ∇ x ∇ y h due to (2.3) and (2.4). Hence we see that if B is a gradient Ricci soliton, then R p × B is a gradient Ricci soliton. Since the standard n-sphere S n is a gradient Ricci soliton, applying this fact, R p × S n is a gradient Ricci soliton. Suppose that R p × B is a gradient Ricci soliton. ThenS ij = ρg ij − ∇ i ∇ j k for some smooth function k : R p × B → R and for some constant function ρ on R p × B, where the range of indies i, j, k, . . . is {1, 2, . . . , p + n}. Using (2.3), we obtain (2.6)
where the range of indices x, y, z, . . . is {1, 2, . . . , p}. From (2.6) 2 , and (2.6) 3 , we see that 
for some constant ρ. Then we can see that
that is, B and F are gradient Ricci solitons for h 1 and h 2 , respectively.
From the relations of the (2.7) and (2.8), we can get the converse of the Theorem 2.1. Theorem 2.3. If B and F are gradient solitons for function h 1 and h 2 , and constants λ = µ respectively, then B × F is a gradient Ricci soliton for h 1 + h 2 and ρ = λ = µ.
Gradient Ricci solitons in warped product spaces
Consider the warped product space M = R × f B withg = 1 0 0 f 2 g , where f : R → R + is a warping function, and g is a Riemannian metric on B. Let K and K be the curvature tensors of M and B, respectively. Then we havẽ
, and the others are zero, where
. Hence the Ricci curvature tensorsS and S of M and B, respectively, are given by
The scalar curvaturesr and r of M and B, respectively, are related bỹ
For any function h on M , the covariant derivatives are given by
where∇ and ∇ are operators of the covariant derivatives on M and B, respectively. Suppose that M = R × f B is a gradient Ricci soliton, then we see that
where ρ is constant on M and h 1 = dh dt . Using (3.1) and (3.3), we obtain (3.4)
Consider the case that f 11 (t) = 0 for the warping function f . Assume that h a = ∂h ∂va = 0, where a = 2, 3, . . . , n + 1. Then from (3.4) 2 , we get
Hence we successively obtain lnh a = lnf +ℓ(v 2 , . . . , v n+1 ), h a = f e ℓ(v2,...,vn+1) , h = f e ℓ(v2,...,vn+1) dv a , and
From (3.4) 3 and the fact that
∂t 2 , we see that
∂t 2 depends only on t. Henceforth the right-hand side of the equation (3.6) also depends only on t. In this case, e ℓ(v2,...,vn+1) dv a is either constant or a function of t. But this is impossible. Hence we get ∂h ∂va = 0. From this fact and (3.4) 1 , the Ricci curvature S on B becomes
Since ∂h ∂va = 0, the function ∂A ∂va = 0. So A is constant on B. This means that B is an Einstein space. Therefore we have: Theorem 3.1. Let M = R × f B be a gradient Ricci soliton and f 11 (t) = 0. Then B is an Einstein space.
Next consider the case f 11 (t) = 0. Then f is of the form f (t) = at + b, where a and b are constants. Since f is positive on R, f should be of the form f = b(> 0). Then M is the Riemannian product of R and B. Hence we can state: Theorem 3.2. Let M = R × f B be a gradient Ricci soliton and f 11 (t) = 0. Then B is a gradient Ricci soliton.
In the warped product space M = R × f B with a gradient Ricci soliton, if f 11 = 0, then the base space B is Einstein from Theorem 3.1. Due to Theorem 3.2, we see that B is a gradient Ricci soliton when f 11 = 0, but we can't decide whether B is Einstein or non-Einstein.
Consider the space M = R× c S n (k), where S n (k) is the n-sphere with radius k. Then M is a gradient Ricci soliton but non-Einstein by use of (3.1). Hence we have:
Consider the space
is not an Einstein space. Thus we can state:
is not an Einstein space.
In conclusion, Theorems 3.1 and 3.2 give a criterion whether the base space B is Einstein or a gradient Ricci soliton in the total space R × f B through the calculation of f 11 .
Gradient Ricci solitons in Lorentzian warped product spaces
The Lorentzian metric in the warped product space M = R × f B is given bỹ 
where∇ and ∇ are operators of the covariant derivatives on M and B, respectively. If M = R × f B is a gradient Ricci soliton, then we obtain
where ρ is constant on M . By use of (4.1) and (4.3), we obtain (4.4)
At first, let us consider the case that f 11 (t) = 0 for the warping function f . Assume that h a = ∂h ∂va = 0. Then from (4.4) 2 , we get
Hence we successively obtain lnh a = lnf +ℓ(v 2 , . . . v n+1 ), h a = f e ℓ(v2,...,vn+1) , h = f e ℓ(v2,...,vn+1) dv a and (4.6)
Thus using (4.4) 3 and the fact that
∂t 2 depends only on t. Henceforth the right-hand side of the equation (4.6) also depends only on t. So, e ℓ(v2,...,vn+1) dv a is either a constant or a function of t. But this is impossible. Hence we get ∂h ∂va = 0. From this fact and (4.4) 1 , the Ricci curvature S on B becomes 
